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Abstract.  In  this  work  we  prove  the  existence  and  uniqueness  of  pathwise  solutions  up  to  a  stopping  time  to  the  stochastic  Euler 
equations  perturbed  by  additive  and  multiplicative  Levy  noise  in  two  and  three  dimensions.  The  existence  of  a  unique  maximal 
solution  is  also  proved. 
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1.  Introduction 

The  Euler  equations  are  a  set  of  quasilinear  partial  differential  equations  which  describe  the  motion  of 
inviscid  fluid  flow.  The  mathematical  theory  for  the  deterministic  Euler  equations  have  been  studied  by 
numerous  mathematicians  in  the  past  several  decades  ([5,11,13,22,28,45,46],  references  therein).  The 
global  existence  and  uniqueness  of  solutions  for  the  Euler  equations  is  still  an  open  problem  in  three 
dimensions. 

The  two-dimensional  stochastic  Euler  equations  have  been  considered  by  several  authors  ([2,4,8,10, 
14,15,24]).  The  existence  of  a  martingale  solution  in  a  bounded  domain  is  proved  in  [4]  and  in  a  smooth 
subset  of  M2  is  proved  in  [8].  The  stochastic  Euler  equations  with  periodic  boundary  conditions  are  con¬ 
sidered  in  [10]  and  the  existence  of  solution  on  Loeb  space  with  prescribed  Wiener  process  is  proved 
using  nonstandard  analysis.  An  existence  and  uniqueness  theorem  of  strong  solution  is  proved  in  [2]  and 
[24].  By  considering  Euler  equation  as  the  equation  of  geodesic  on  the  volume  preserving  diffeomor- 
phism  group,  the  authors  in  [14]  obtained  the  existence  of  global  solutions  to  2-D  stochastic  Euler  equa¬ 
tions.  The  weak  existence  of  an  H1 -regular  solution  with  Dirichlet  and  periodic  boundary  conditions  on 
bounded  domains  is  obtained  in  [15].  The  papers  [25,33,34]  considered  the  stochastic  Euler  equations  in 
3  dimensions  with  additive  Gaussian  noise  and  the  paper  [20]  considered  multiplicative  Gaussian  noise. 
Navier-Stokes  equations  with  Levy  noise  is  considered  in  the  papers  [7,18,19,36,37,42],  for  example. 
We  consider  the  stochastic  Euler  equations  in  two  and  three  dimensions  perturbed  by  Levy  noise  and 
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prove  the  local  in  time  existence  and  uniqueness  of  strong  solutions  generalizing  the  frequency  trunca¬ 
tion  method  used  in  the  deterministic  context  in  [17]  and  [35],  and  this  is  a  new  technique  for  stochastic 
quasilinear  PDEs  developed  here.  The  use  of  Fourier-harmonic  analysis  techniques  clarify  the  abstract 
treatment  of  the  noise  covariance  structure  and  other  technical  calculations  found  in  the  related  litera¬ 
ture.  Moreover,  to  the  best  of  the  authors  knowledge,  this  work  appears  to  be  the  first  in  establishing  a 
unique  solution  to  the  stochastic  Euler  equations  with  jump  noise. 

The  construction  of  the  paper  is  as  follows.  In  Section  2,  we  formulate  the  abstract  stochastic  incom¬ 
pressible,  Euler  model  of  fluid  dynamics  perturbed  by  additive  Levy  noise.  By  considering  a  truncated 
model  in  the  frequency  domain,  we  prove  a-priori  energy  estimates  in  for  s  >  n/1  +  I  up  to 

a  stopping  time  (Proposition  2.11).  The  existence  and  uniqueness  of  the  local  in  time  strong  solution 
(Theorem  3.11  and  Theorem  3. 14)  is  obtained  in  Section  3  by  showing  that  the  family  of  solutions  to  the 
truncated  incompressible,  stochastic  Euler  equations  is  Cauchy.  The  existence  of  a  unique  maximal  local 
strong  solution  (Theorem  3.16)  is  also  proved  in  this  section.  In  Section  4,  we  consider  the  stochastic 
Euler  equations  with  multiplicative  Levy  noise  and  discuss  the  existence  and  uniqueness  of  the  local 
strong  solution  (Theorem  4.4). 


2.  Stochastic  Euler  equations 

Let  (£2,  & ,  o,  IP)  be  a  given  filtered  probability  space.  The  incompressible  stochastic  Euler 

equations  (for  n  =  2,  3)  are  given  by 

— —7^- — -  +  (u(x,  t,  co)  ■  V)u(x,  t,  co)  =  — V p(x,  t,  co)  +  f(x,  t,  co),  in  M"  x  (0,  T)  x  £2, 

(2.1) 

V  •  u(jc,  t,  co)  =  0,  in  M"  x  (0,  T )  x  £2 ,  (2.2) 

u(x,  0,  co)  =  Uo(x,  co),  inM"  x  £2,  (2.3) 

where  u(x,  t,  co)  is  the  velocity  field  p(x,t,co)  is  the  pressure  field  and  f (x,  t,  co)  is  the  external  random 
forcing.  The  equations  are  defined  on  the  whole  space  M",  n  —  2  or  3  with  the  initial  data 

u0  GL2(£2;Hi(M")), 

satisfying  V  •  Uo  =  0  for  s  >  n/ 2+1.  Here  H'  (M")  (=  ( Hv  (M" ))" )  is  the  Hilbertian  Sobolev  space  of 
order  s.  Let  us  define  the  divergence  free  space  %  by 

n  :=  {u  e  L2(M")|V  -  u  =  0}. 

In  order  to  eliminate  the  pressure,  we  project  the  equations  onto  the  space  of  divergence  free  functions 
on  H,  by  taking  the  Helmholtz-Hodge  orthogonal  projection  P^  from  L2  onto  'H.  Let  us  now  express 
the  projection  operator  P%  :  L2  — ►  TL  in  terms  of  the  Riesz  transform.  Let  us  define  the  Riesz  transform 

by 

d  ^2 

R/ = -  — (-A)“2,  j  =  l,...,n  so  that  RyR*  =  - — -—(-A)-1,  j,k  =  l,...,n. 

ox j  dXj  ox k 
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For  /  e  L2(M")  and  j  =  l, ...  ,n,  the  Fourier  transform  of  the  Riesz  transform  R;-  :  L2(M")  — >  L2(M") 
is  R //(£)  =  Hence,  we  have  J]"=1R2  =  —I  (see  [9]).  The  Riesz  transform  can  also  be 

defined  in  terms  of  the  singular  integral  operators  (Example  2,  page  4,  [12],  Chapter  III,  [44]).  For 

/  e  L2(M"),  set 


R ifix)  =  Cn  lim 

e — >0 


/ 
7  b 


M"\Be(0) 


xj  -  yj 

\x  -  y  |"+1 


f(y)dy. 


p/n±l  ) 

where  B£(0)  is  a  ball  centered  at  the  origin  of  radius  e  and  C„  =  — ^r~  is  the  volume  of  unit  ball  in 

JT  2 

M".  For  any  u(x)  =  (it  \  (x),  . . . ,  un(x)),  one  can  deduce  the  Flelmholtz-Hodge  orthogonal  projection 
operator  Pp  as 


(P  Hu)j{x)  =  y ^(Sjk  +  RjRk)uk(x),  j  =  1 - ,n. 

k=  1 

Equivalently,  by  making  use  of  the  Fourier  transform,  we  find 

(P wtijiS)  =  fl(sjk  -  ||)^),  j  =  h...,n. 

Flence,  Py  is  an  orthogonal  projection  onto  the  kernel  of  the  divergence  operator  so  that  Py  ( V p)  =  0 
and  is  a  pseudodifferential  operator  of  order  0  and  belongs  to  the  class  'F|)0  ([21]).  By  using  the  Fourier 
transform,  it  can  be  seen  that  the  operators  P  :=  (I  —  A)'/2  and  Py  commute: 

pp w$)  =  (i  +  i§i2)s/2p^(?)  =  (i  +  m2)s/2  -  ||  W) 

=  E(p  -  H)(>  +  i?i2),/2ff*e)  =  e(sj‘  - 

=  (2.4) 

for  all  $  £  R”  and  hence  PP%  =  P^P.  Let  us  take  the  Flelmholtz-Hodge  orthogonal  projection  Py  on 
(2.1)  to  get 

^  - — -  = —Py(u(x,  t,  co)  ■  V)u(x,  t,  co)  +  Pyf(x,  t,  co),  inM"  x  (0 ,T)xQ,  (2.5) 

u(x,  0,  co)  =  Uo(x,  co),  inM"x£2.  (2.6) 

Then  the  stochastic  Euler  equations  perturbed  by  additive  Levy  noise  can  be  written  as  an  Ito  stochastic 
differential  equation  in  (0,  T)  after  taking  Py  as 

du(x,  t)  =  —  P^[(u(x,  t)  •  V)u(x,  f)]  df  +  T*  dW(x,  t)  +  f  y(t—,z)M(At,dz),  (2.7) 


u(x,  0)  =  Uo(jc), 


(2.8) 
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where  Uo  e  L2(f2;  H'  (IR"))  for  s  >  n/ 2+1  with  V  •  Uo  =  0  and  Z  is  a  measurable  space  (where 
the  solution  has  its  paths)  such  that  Z  e  &(H\{ 0}).  In  (2.7),  is  an  operator  having  the  properties 
discussed  below  and  W(-,  •)  is  a  cylindrical  Wiener  process  defined  on  H.  The  operator  <t>  has  the 
following  properties: 

(i)  The  operator  <f>  e  «£? CH ,  H' ),  with  Tr^(4>*<I>)  <  oo, 

(ii)  Trw((T<T)*J5<T)  <  oo. 

Here  {T~L ,  H5)  denotes  the  space  of  all  bounded  linear  operators  from  H  to  H'.  For  an  orthonormal  ba¬ 
sis  {ej{x))JL\  in  di,  W(-,  •)  can  be  written  as  W(x,  t)  —  Y°jL\ej(x)$j(t),  where  (3;(-)’s  are  a  sequence  of 
one-dimensional  Brownian  motions  in  (f2 ,  X ,  P).  Let  7,(dz)  be  a  o -finite  Levy  measure  on  'H  with  an  as¬ 
sociated  Poisson  random  measure  J\f(dt,  dz).  Let  AT  (dr,  dz)  :=  A^(dr,  dz)— A(dz)  d  t  be  the  compensated 
Poisson  random  measure,  that  is,  E(jV(df,  dz))  =  A(dz)  d t  (Theorem  35,  Section  4,  [39]).  The  jump  co¬ 
efficient  y  :  [0,  T]xZ  —>■  Hs  fTH  is  an  Hs  fTH-valued  function  such  that  fz\\y(t,  z)  Hfjj  A.(dz)  df  <  oo, 
for  any  T  >  0.  The  processes  W(-,  •)  and  Xi  ( ■ ,  •)  are  mutually  independent. 

Example  2.1  (An  example  of  the  operator  <f>).  The  symbol  class  ^'"(M"),  m  e  M,  consists  of  the 
C°°-functions  a(-)  on  W  such  that  for  any  multi-index  a,  there  exists  a  constant  Ca  with 

m  —  \a\ 

|9“a(jc)|  C„(l  +  |.r|2)~, 

where  \x\2  =  x\  +  •  •  •  +  x2  for  x  =  (x\ ,  . . . ,  xn)  e  M".  We  shall  say  that  a  e  Yff" (R")  is  of  order  m. 

A  symbol  a  e  ^'"(M'1  x  R")  define  an  operator,  denoted  by  Va,  by  the  formula  (Section  18.5,  [21]) 

(Mix)  =  — [  f  ei(*-»Mx,  $)u{y)  dy  d$,  (*,  £)  e  1"  x  M",  u  e  C^R"). 

\^tt)  J R"  JR" 

Let  a  e  ^m(R"  x  R")  be  a  symbol.  A  pseudodifferential  operator  with  Weyl  symbol  a  is  defined  by 
the  oscillating  integral 

CP* U)(x)  =  — f  f  e^-y^d s)u(y)  dy  dff  u  e  C“(R"). 

1  )  Jr"  7r"  \  z  / 

An  operator  Va  with  Weyl  symbol  a  is  self-adjoint  if  and  only  if  a  is  a  real  function  ([21]).  We  can  write 
0 Pau)(x)  as 


(Vau)(x) 


K(v, y)u(y) dy, 


where  K(v,  y) 


1 

(2 XT 


x  +  y 
2 


and  the  TrCPa)  is  given  by 
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If  m  <  —2 n  (m  =  —k  with  k  >  0),  then  extends  to  a  trace  class  operator  on  Hy (M")  (Proposition  27.2, 
[43])  and  Tr(Pa)  <  oo,  since 


Tr(Pa)~f  f  a(x,£)d£d*^ 

(2tt  )" 

Co  f  dy 


Co 


/ 

J  R2 


(2tt) 

r*  /*oo 


-  f  f  (l  +  |x|2+|§|2)"d^dx 

7r"  Jw 


Jo 


„  2n—l 


(2tt)"  JR2h  (i  _j_  |_y|2)2  2"  'TO?)  70  (1  +  r2)2 

if  A:  >  2 7i,  i.e.,  m  <  — 2/r.  It  can  be  easily  seen  that 

|3"[(1  +  my/2a(*,  $)]|  <  C„(l  +  |x|2  +  |^|2) 


dr  = 


C0r(|  -  n) 

r(|) 


<  oo, 


(2.9) 


m+s— |or  | 
2 


and  hence  (1  +  |£|2)y//2a(x,  $)  e  ^m+i(M"  xM").  Also  if  —  m  >  2s  and  n? +2s  <  — 2n,  then  Tr(J2s,Pa)  < 
oo.  We  can  take  <F*<F  =  'Pd  with  a  e  ^m(R"  x  M"),  for  m  <  —2 n  so  that  TrfPj  <  oo.  In  addition,  if 
m  +  2s  <  —2 «,  then  Tr((Jy<F)*.F<l>)  =  Tr(J2*'Pa)  <  oo. 


From  now  onwards,  we  use  the  notation  Tr  for  Tr-^.  We  also  use  K\  =  Tr(d><t>*),  K2  =  Tr(P<I>(.F  <!>)*), 
K3  :=  K3(T)  =  fo  fz\\v(t,  z)||22k(dz)df  and  K4  :=  K4(T)  =  fz\\y(t,  z)lln^(dz)  dt,  for  any  T  >  0 
in  the  rest  of  the  paper.  Let  us  recall  the  commutator  estimates  of  Kato  and  Ponce  [23]  used  in  this  paper. 

Lemma  2.2  (Lemma  XI,  [23]).  If  s  ^  0  and  1  ^  p  <c.  oo,  thcvi 

||Wg)  -  /(Jsg)|LP  <  Cp(||V/||L»||j,-1g||u,  +  |js/yigM.  (2.10) 

Remark  2.3.  From  (2.10),  it  can  be  easily  seen  that  for  s  p  0  and  1  <  p  <  oo,  the  nonlinear  term 
satisfy  the  estimate: 

||J'[(U-  V)u]  -  (u-  V)(Jsu)  | LP  ^  Cp(||Vu||L~||;F-1Vu||LJ)  +  ||J"u||lp||Vu||Loo).  (2.11) 

If  u  is  divergence  free,  then  we  have 


«u.v)v,v)l!  =  jr  f 

i,k=  i  Jm 


dVk  , 

Uj  —  vkdx  =  - 
aXj  2 


1  A  f  dv2k  l  A  r 

2£J*Ui°xj  2SJ« 


d ui  2  J  A 

2^1  J7Vkdx  =  ()’ 

z  .  k=l  Jw  0Xj 


(2.12) 


for  all  u,  v  e  HS(M"),  .v  ^  0.  Thus  it  is  immediate  that 
((u  ■  V)(Tu),  Jsu)l2  =  0. 

In  Remark  2.3,  if  we  take  p  =  2,  then  we  get  the  following  corollary: 

Corollary  2.4.  For  s  p  0,  there  exists  a  constant  C  =  C(n,  s)  such  that,  for  all  ueff  (M"),  s  ^  0,  and 
V  •  u  =  0,  we  have 


|(L[(u- V)u],ru)L2|  <C||Vu||L»||u|&. 


(2.13) 
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Let  us  now  define  the  notion  of  local  and  maximal  strong  solutions  of  the  stochastic  Euler  equations 
with  Levy  noise. 


Definition  2.5  (Local  strong  solution).  We  say  that  the  pair  (u,  r)  is  a  local  strong  (pathwise)  solution 
for  the  stochastic  Euler  equations  (2.7)-(2.8)  if 

(i)  the  symbol  r  is  a  strictly  positive  stopping  time,  i.e.,  P(r  >  0)  =  1, 

(ii)  for  t  >  0,  the  symbol  u  denotes  progressively  measurable  stochastic  process  such  that 

(a)  u(-)  e  L2(£2;  D(0,  t\  HS(M"))),  for  s  >  n/ 2+1  with  u(-)  =  u(-  A  r),  where  D(0,  t\  H'(M")) 
is  the  space  of  all  cadlag  paths  from  [0,  t)  to  HS(M"), 

(b)  u(-)  satisfies 

fit  AT  fit  AT  fit  AT  fi 

u(fAr)  =%-  I  P^[(u-V)u](s)di+  /  d>dW (s)+  I  I  y(s—,z)J\f(ds,dz), 

Jo  Jo  Jo  J  z 

(c)  u(-)  satisfies  the  energy  estimate 


E  sup  ||u(.s) 

AT 


2 

H* 


<  OO. 


(2.14) 


Definition  2.6  (Maximal  local  strong  solution).  Let  u(-)  be  a  predictable  process  and  x0 0  be  a  strictly 
positive  stopping  time.  The  pair  (u,  r0 0)  is  said  to  be  a  maximal  local  strong  (pathwise)  solution  for  the 
stochastic  Euler  equations  (2.7)-(2.8),  if  there  exists  an  increasing  sequence  r„  with 

xn  t  too  a.s., 

such  that  the  pair  (u,  xn)  is  a  local  strong  solution  to  (2.7)-(2.8)  so  that 
sup  |  u(s )  |  Hs  =  oo 

on  the  set  [to  e  ^  :  x^ico)  <  oo}. 

We  are  now  ready  to  state  the  main  theorem  of  our  paper. 

Theorem  2.7.  Let  (£2,  (J^))r^o>  P)  be  a  given  filtered  probability  space.  Let  r.y  be  the  stopping  time 

defined  by 

tN  :=  />Q^  :  IIVuC0||lco  +  ||»(0||ip-i  >  ^v},  (2.15) 

and  let  the  measurable  initial  data  Uo  G  L2(£2;  HV(M")),  for  s  >  n /2  +  I  he  given.  Then  there  exists 
a  local  in  time  strong  solution  (u,  T  A  r.y)  of  the  stochastic  incompressible  Euler  equations  with  Levy 
noise  ((2.7)— (2.8))  such  that,  for  any  T  >  0 
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(i)  the  energy  estimate 


E 


sup 

Arjv 


uO) 


2 

H* 


(2E[||uo|&]  +  K2T  +  K4)e4NT  <  oo, 


where  K2  =  Tr((JsO)*J'<t>)  and  K4  =  fz\\y(t,  z)||fIJA.(dz)  At, 

(ii)  for  a  given  0  <  <5  <  1, 

F{tn  >8}^  1  -  Ca2{2E[||uol&]  +  18(/T2<5  +  tf4(«))}, 

where  C  is  a  positive  constant  independent  of  u  and  8, 

(iii)  u  G  L2(f2;  L°°(0,  T  a  xn\  Hs(M"))), 

(iv)  the  (<^t)te[0, t |  -adapted  paths  0/(11,  T  A  r,y )  are  ccidlcig, 

(v)  the  solution  (u,  T  A  r ,y )  is  pathwise  unique, 

(vi)  there  exists  a  unique  maximal  local  strong  solution  (u,  x^),  where  =  1  i m  y ^ ^  r;y. 

2.1.  The  truncated  stochastic  Euler  equations 

Let  us  define  the  Fourier  truncation  Sr  ([17])  as  follows: 

sTm  =  uR  (£)/($), 

where  B#,  a  ball  of  radius  R  centered  at  the  origin  and  lB/((-)  is  the  indicator  function.  For  s  /  0,  we 
have 


\\SRf-f\\w^c(^j  II/Hh.4*, 

||(S*-S*')/||H,  <Cmaxj^J  } II/IIhs+*) 


(2.16) 

(2.17) 

(2.18) 


where  C  is  a  generic  constant  independent  of  R. 

Let  us  consider  the  truncated  (in  the  frequency  domain  with  cut  off  SR )  stochastic  Euler  equations  in 
the  whole  space  M"  as 

U  — -  =  —  Sr(ur(x,  t,  co)  ■  V)uA(v,  t,  to)  —  V pR(x,  t,  co)  +  5^f(x,  t,  co),  (2.19) 

V-uR(x,t,co)  =  0,  (2.20) 

uA(x,  0,  co)  =  S/?Uo(x,  co),  (2.21) 


for  (x,  t,  co)  G  M"  x  (0,  T)  x  £2.  The  divergence  free  condition  for  uA  can  be  obtained  easily  as 


V  •  u*($)  =  i$  •  u*($)  =  it  ■  lB*($)u(£)  =  UR(m  •  u($)  =  1b,($)V  •  u($)  =  0, 


(2.22) 
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and  hence  V  •  uA  =  0.  The  cut  off  operator  Sr  and  Helmholtz-Hodge  orthogonal  projection  P%  com¬ 
mutes,  since 

=  ±(sjk  -  | |)<W£)  =  fl(8jk  -  |^1Bji($)k*($) 

=  1b,(§)  W)  =  1b,(§)P W$)  =  SrP^uj^)  (2.23) 

k=  l  '  ^1  2 

and  hence  P-^iSa  =  5 r Py  ■  On  taking  the  Helmholtz-Hodge  orthogonal  projection,  we  get  P %(V pR)  = 
0,  since 

p  =  E(%  - 

=  =  lBj,($) 

=  SsP^Vp);(£)  =  0.  (2.24) 

Let  us  consider  the  truncated  stochastic  Euler  equations  in  the  Ito  stochastic  differential  form  in  (0,  T) 
after  taking  P-^  as 

OO 

du*  =  -SrP-h(ur  ■  W)uRdt  +  ^2sR$>ej  dp;(t)  + 

j=  i 

u*(0)  =  SRu0.  (2.26) 

By  taking  a  truncated  initial  data,  we  ensure  that  uA  lie  in  the  space 

T~Lr  :=  {/  e  L2(R")  :  /  is  supported  in  Ba,  V  •  /  =  0}. 

Note  that  SrUr  =  uA  for  uA  e  Hr.  Also,  by  using  (2.12)  (see  (2.22)  also)  and  Holder’s  inequality,  we 
obtain 

|(«S*[(uf  •  V)uf]  -5a[(ua  '  v)uf],uf  —  uf)L2| 

=  |(((uf  -  uf)  .  V)uf  -  (uf  •  V)«  -  uf),  SR(u*  -  uf  ))l2| 

<  |(((uf  -  uf)  -  V)uf ,  uf  -  u2%|  +  |((uf  -  V)(uf  -  uf),  uf  -  uf )l2 | 

^  II uf  -  uf  ||“2||Vuf  II Loo  C||uf  | H,  II uf  -  uf  II L2,  (2-27) 


L 


SrY(1-,  z)A/"(df,  d z), 


(2-25) 


S(*  '  iwhm 


for  s  >  n/2  +  1.  Thus,  we  have 
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and  hence  Sr(ur  ■  V)uA’  is  locally  Lipschitz  in  'Hr  whenever  uA  e  H'  (M"),  for  s  >  n/2  +  1.  Also,  by 
using  (2. 16)  and  the  algebra  property  of  Hs_  1  -norm,  we  have 

\\Sr(ur  ■  V)us||l2  sj  ||  (us  -  v)us <  llu^ln^lVu^ln^!  ^  C||uA||^.  (2.29) 

By  using  (2.28),  (2.29)  and  Theorem  4.9,  [29],  there  exists  a  pathwise  unique  strong  solution  of  problem 
(2.25)-(2.26)  in  L2(£2;  D(0,  T ;  Hr)),  where  T  depends  on  R  and  N  ( N  is  defined  in  (2.67)  below).  The 
solution  will  exist  as  long  as  ||uA||L2(Q;Loo(0 ,f;m(R")))  remains  finite. 

We  define  a  C“(M)  function  t/rN(-),  for  each  integer  N,  as  ([25]) 


Vov(£)  = 


for  all  k  ^  N, 
for  all  k  >  N  +  1 . 


(2.30) 


Let  us  consider  the  truncated  stochastic  Euler  equations  with  the  cut  off  i/wG)  (denoting  kR  = 
l|Vus||Loo  +  ||ua||Hs-i)  as 

oo 

duR  =  -fiN(kR)SRPH(uR  ■  V)uRdt  +  ^2sR®ejd$j(t)  + 

7=i 

u*(0)  =  SRu0.  (2.32) 


L 


SRy(t  —  ,  z)N(dt,  d z). 


(2.31) 


Note  that  the  presence  of  the  cut  off  function  i/9v(0  makes  the  drift  term  bounded. 

Proposition  2.8.  LetuR  e  H'  (R" ),  for  s  >n/2+  1.  Then  the  nonlinear  operator 
F(u*)  :=  fiN(kR)SR[(uR-V)uR] 
satisfies 

||F(uf)  -F(uf)||L2  <  (Cjv  +  Cduf |g,  +  ||uf||*2))||uf-uf||HI.  (2.33) 

Proof.  Let  uf  e  H'(R"),  for  i  =  1,2  and  for  5  >  n/ 2  +  1.  Then  for  proving  (2.33),  we  use  integration 
by  parts,  (2.12)  and  Holder’s  inequality  to  the  term  (F(uf )  —  F(uf ),  uf  —  uf  )L2  to  get 

|(F(uf)-F(uf),uf-uf)L2| 

=  I0M*?)[K  •  VK]  -  ■  V)uf],  SR(uf  -  uf))L2| 

<  |(^(^f)((uf-uf)  •  v)uf ,  uf  —  uf )L2  | 

+  |(OM*0  -  fiN(kRj)(uR  ■  V)uf,uf  —  uf )L2 1 
+  |  (Vw  (kj)  (uf  •  V)  (uf  -  uf ) ,  uf  -  uf  )l2  | 

<  |  Vrjv(^f)  |  |  Vuf  |  Loo  |  uf  —  uf  |  ^2 

+  C(lv(uf  -uf)|LOO  +  ||uf  —  uf  | H,_,) ||uf  || l2 || Vuf  || LOO || uf  —  uf  ||l2 
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<  CN\\u?  -uf  ||H, Iuf  -uf  || L2  +2C||uf  -uf  |H,||uf 

<  (Civ  +  C(||uf||^  +  ||uf  IlO) fuf  -uflfflK  -uf 


Hs 


U 


2  II L2 


U, 


u 


2  II L2 


L2’ 


(2.34) 


where  in  the  third  step  we  used  the  fact  that  (fN (Lf)(uf  •  V)(uf  —  uf ),  uf  —  uf )L2  =  0.  Thus  the 
estimate  (2.34)  implies  (2.33).  □ 


2.2.  Energy  estimates 

Let  us  first  prove  the  L2-energy  estimate  for  the  stochastic  Euler  equations  (2.25)-(2.26),  which  is  the 
truncated  stochastic  Euler  equation  without  the  cut  off  function  i/qv(-). 

Proposition  2.9  (L2-energy  estimate).  Given  the  initial  data  Uo  e  L2(ST;  L2(R"))  with  V  •  u0  =  0  he 
& Q-measurable ,  then  we  have 

®L[|uS(f)  |Il2]  ^  IE  [  1 1  u0 1 1  l2  ]  +  t  Tr(d>*<t>)  +  f  f\\y(s,z)\\l2Hdz)ds,  (2.35) 

Jo  J z 


for  any  t  >  0  and 


e[  sup  \\uR(t)\\:2 


^  C(E[||u0|£2],  7\  KuK3)' 


(2.36) 


for  any  T  >  0. 

Proof.  Let  us  define  the  sequence  of  stopping  times  r m  to  be 

xM  :=  inf {r  :  ||ur(0||l2  >  M).  (2.37) 


Let  us  apply  the  Ito’s  formula  (Theorem  3.7.2,  [30],  Theorem  4.4,  [41],  Section  2.3,  [32])  to  ||us(-)||f2 
to  obtain 


/•'ATM 

|uK(f  A  rM)||f2  =  |u"(0)||f2  -  2  /  (SRPH(uR(s)  •  V)ui?(5),us(5))L2d5 

Jo 

/•'Atm  00 

+  2/  V(5scDe.,ufi(5))L2dp;^) 

Jo  ;=i 

/•/atm  °°  /-'Atm  n 

+  /  V  \\SR®ej Hl2  ds  +  /  \\SRy(s,z)\\L2Hdz)ds 

Jo  /=]  Jo  J  z 

etATM  [•  7  ~ 

+  J  J  [2(SRy(s-,  z),  ur(s-))l2  +  \\Sry(s,  z)||L2]Af(ds,  dz),  (2.38) 
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for  0  ^  t  sj  T.  By  using  the  divergence  free  condition  (see  (2.22))  and  SrUk  =  uA  in  'H r ,  we  get 
{Sr M*R  ■  V)u*.  =  (Pw(u*  •  V)us,  S*u*)l2  =  (Pw(u*  •  V)u*,  u% 

=  ((u*  •  V)u* ,  Phus)l2  =  ((u*  •  V)uR,  u%  =  0. 

By  using  the  cut  off  property  (2.16),  we  obtain 

OO  » 

E"^%  +  /  ||5«y(L  z)|^2^(dz) 

7=1  1/2 

00  p  n 

E|I*^IIl2  +  J  ly(t,z)\\L2Hdz)  =  Tr{^)  +  y  |ya,z)||^(dz). 


(2.39) 


(2.40) 


7= 1 


On  Substituting  (2.39)  and  (2.40)  in  (2.38),  taking  expectation,  and  noting  that  the  stochastic  integrals 

* tATM  °° 


ft /\TM  ^ 

/  y'{SR®ej>uR(s))2d$j(s)  and 

Jo  7=1 

J  J  [{srY(s-,z),ur(s-))l2  +  I tS/?y (v ,  z)||L2]Af(d.v,  dz) 


are  local  martingales  having  zero  expectation,  we  get 

'•'■atm 


/•'ATM  p'ATM  /> 

E[||u*(f  A  r*f)  ||l2]  <E[||uoIIl2]  +E  /  Tr(<f>*d>)  ds  +  E  /  /  |y(5,  z)|'2A(dz)  ds 

L/0  J  L«/o  ./z 

^  E  [  1 1  u0 1 1  ^2  ]  +  1  Tr(d>*d>)  4-  f  f\\y(s,z)\\l2Hdz)ds,  (2.41) 

Jo  J z 

where  we  used  the  fact  that  ||ui?(0)||[2  =  ||d?A'Uo || ^  ||uo||j"2.  Note  that  the  right  hand  side  of  the 
inequality  (2.41)  is  independent  of  M.  On  passing  M  — >■  oo,  t  A  tm  — >  t  and  then  using  the  dominated 
convergence  theorem  in  (2.41),  we  have  (2.35). 

Let  us  take  supremum  from  0  to  T  in  (2.38)  and  then  take  expectation  to  get 


eT 

Lf 


sup  ||us(7)||l2 
0^.t^.T  aim 


€ 


+  2E 

+  2E 


sup 

O^t^T  aim 


sup 

.O^t^TAlM 


€ 


eJATM  e 

E[||u0||£2]+E  /  Tr(<t>*4>)  dt  +  I  \\y(t,  z)\\L2M(dt,  dz) 

Uo  Jo  J  z 

ft  oo 

Jo  7=1 

[  \ {SRy(s-,  z),uR(s-))L2JV(ds,dz) 

Jo  J Z 

E[||u0||22]  +  Tr(0-0)r  +  f  [  \\y(t,z)\\l2k(dz)dt  +  (h)  +  (I2), 

Jo  J z 


(2.42) 
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where 

(/i)  =  2E 

(/ 2)  =  2E 


sup 

O^t^T  Atm 


sup 

.O^t^T  atm 


/  0  J  Z 

In  the  last  step  of  (2.42),  we  used 


J°  1= 1 

J  J  (SRy(s~,  z),uR(s-))L2tf(ds,dz) 


(2.43) 

(2.44) 


E 


z)||“2A((dr,  dz) 


f  Tr(<J>*d>)dr  +  f  f  ||y(r, 

_Jo  Jo  Jz 

=  f  Tr(<l>*<I>)d  r+  f  f  \\y(t,z)\\l2Hdz)dt, 
Jo  Jo  Jz 


(2.45) 


since  /q7  Tr(4>*<I>)  dr  +  fz\\y(t,  z) \\^N(dt,  dz)  is  the  Meyer  process  of  ufi(-)  and  fR  Tr(d>*4>)  dt  + 

fo  /zIIy(L  z)||^2A(dz)  dr  is  the  quadratic  variation  process  of  us(-)  (Section  2.3,  [32]). 

Let  us  apply  the  Burkholder-Davis-Gundy  inequality  (Theorem  1.1,  [31]),  Holder  inequality  and 
Young’s  inequality  to  the  term  (7i)  in  (2.42)  to  get 


(7i)  < 

<  2V2E 


TatM  7  \2 

WSR^ejWl2\\uR(t)\\l2dt 


I  00  /  pT atm 


i  /  r 

(  sup  K(0iyaE(/ 

^taxm  7  .=1  \2o 


II  <S>ej  || l  dt 


^  |e(  sup  ||u*(r)||T22)  +  8  [  Tr(d>*4>)  dr. 

4  ^0<t<TATM  '  Jo 


(2.46) 


Let  us  now  apply  the  Burkholder-Davis-Gundy  inequality,  Holder  inequality  and  Young’s  inequality  to 
the  term  ( I2 )  in  (2.42)  to  obtain 


(h) 


(pT  atm  r 

J  J  ^ 


^  2V2E 


RY(t ,  z)  || L2 1| u  (r)  ||L2A.(dz)  dr 

1  /  cTatm 

'0 


(  sup  ||uff(r)|| l2)2(  f  f  \\y(t,z)\\l2Udz)dt 
^O^i^Tatm  7  \J  0  Jz 

^  ^e(  sup  ||us(r)||22)  +  8  [  [  \\y(t,z)\\l2Hdz)dt. 

4  7  Jo  Jz 

Substituting  (2.47)  and  (2.46)  in  (2.42),  we  get 


(2.47) 


-e[ 
2  L, 


sup  ||us(r)||L2 

0^.t^.T  atm 


E[||uo||£2]+9Tr(<5*<D)r  +  9  f  f  ||y (r, 

Jo  Jz 


z)||L2A.(dz)dr.  (2.48) 
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Hence,  we  have 


sup  ||u*(0||l2 

at m 


^2E[||uo|iy +  18(*ir  +  tf3). 


(2.49) 


The  right  hand  side  of  the  inequality  (2.48)  is  independent  of  M,  on  passing  M  —*  oo,  T  A  tm  —*  T  and 
applying  the  dominated  convergence  theorem,  we  get  (2.36).  □ 


Remark  2.10.  Proposition  2.9  is  also  true  for  the  truncated  stochastic  Euler  equation  with  the  cut  off 
function  i/9v(0  (see  (2.31)-(2.32))  as  (\l/N(kR)SRP}{(uR  ■  V)ufi,us)L2  =  0.  Note  that  the  L2-energy 
estimate  for  the  truncated  system  (2.25)-(2.26)  exists  for  all  T  >  0. 

Proposition  2.11  (H' -energy  estimate).  Let  the  given  initial  data  Uo  e  L2(<2;  HV(M")),  for  s  >  n/ 2+1 
be  fT ^-measurable .  Then  for  any  t  e  (0,  T),  we  have 

E[||us(0||h,]  <  (e[||uo||22]  +  tTv((r^)*r<t>)  +  jf  jj\y(S,z)\\2HMdz)dsy2CNt,  (2.50) 

and  for  any  T  >  0,  we  have 


e|"  sup  ||us(?)||^ 


C(E[||u0 |[hj] ,  ^2,  Ka,  N,  T) 


(2.51) 


and  the  quantity  on  the  right  hand  side  of  the  inequality  (2.51)  is  independent  of  R. 
Proof.  An  application  of  the  operator  J'  on  the  truncated  Eq.  (2.31)  gives 


dJ'u 


R 


-fN  {kR)sRr  ph  (uR-w)uRdt+J2  sRy  Qej  dp,  (o + 

7=1 


L 


SRry(t-,z)N(dt,dz).  (2.52) 


Let  us  define  the  sequence  of  stopping  times  rM  to  be 
tm  =  inf {r  :  |u*(f)||HI  ^  M\. 


(2.53) 


Let  us  apply  the  Ito’s  formula  to  ||J'u/?(-)||22  to  obtain 


L2 


0  ft atm 

||jV(t  A  rM)||-2  =  ||jsu^(0)  | “ 2  -  2  /  (fN(kR)SRyPH[(uR(r)  ■  V)u*(r)],  J*u*(r))L2  dr 

Jo 

ft  ATM  00  ft/\TM  °° 

+  2  /  T(SRy<t>ej,ruR(r))L2  d P;(r)  +  /  V || SR y  4>ej  f  2  dr 

Jo  -=1  Jo  j=l 

/■/atm  f  ~ 

+  2  J  j  (SRYy(r-,z),  Jsus(r-))L2AA(dr,  dz) 

ft  ATM  f  , 

+  /  /  ||«5/{Py(r,  z)||l2A/" (dr,  dz), 


(2.54) 
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forO  ^  t  ^  T.  Let  us  consider  the  term  J2°jLi  II Js®ej  II £,2  +  /zll<SflJ'sY(r>  dz)  and  use  the 

cut  off  property  (2.16)  to  get 


00  „ 

^115^^!^  +  J  ||5sJ'sy(r,  z)||^Af(dr,  dz) 
=  Tr((jsO)*J'<J>)  +  jf  ||Y(r,  z)\\2wAT(dr,  dz). 


(2.55) 


-tatm 


J\f(dr,  dz) 


K[\\uR(t  atm)\\2w]  sCE[||u0|| 


t  Atm 


I (r  )  II  HJ  dr 


+  t  Tr((j'<f>)*J'd>)  + 


Hs 


X(dz)  dr, 


where  we  used  (2.45),  ||uA(0)||j^  =  HSkUoIIh*  ^  I|uoIIhs>  ar*d  the  fact  that 


Hs’ 

tATM 


(2.56) 


Now  let  us  take  the  nonlinear  term  (xfrN(kR)SRJs P%[(uA  •  V)us],  J'uA)[  2  and  use  the  Kato-Ponce  com¬ 
mutator  estimates  (Corollary  2.4)  to  obtain 

|(Vov(^)S«J*Pw[(us  •  V)uA],  J'5ua)l2| 

=  |(^(kA)r[(uA  •  v)uA],  jsp«u*)l2| 

^II^(^)J's[K-vK]||l2||jV||l2 

^  | Vtv {kR) 1 1 VuA I L00 1 uA I ^  sC  Cw||us||^, 
where  we  used  SrUr  =  uA  in  Hr  and  (2.4).  Let  us  use  (2.55)  and  (2.56)  in  (2.54)  to  get 

r*t  atm 

|  u*  (t  atm)  II H,  <  II u* (0)  || *,  +  2C*  /  ||  us  (r)  ||  ’ ,  dr 

Jo 

etATM  00 

+  2  /  Y](5«r<f>ej,ruA(r))L2dpj(r) 

Jo  j=1 

ntAZM  ft 

+  /  Tr((jv4>)*P<J>)  dr  +  / 

Jo  Jo 

pt  ATm  n  ~ 

+  2  /  (SRJsy(r-,z),  JsuR(r-))L2J\f(dr,  dz). 

Jo  J  z 

Let  us  take  the  expectation  in  (2.57)  to  find 


(2.57) 


(2.58) 


etATM  etAxM  r  ~ 

/  jVV^dP/r)  and  /  (SRJsY(r-:  z),JsuR(r-))L2Af(dr,dz) 

Jo  .=1  Jo  J  z 
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are  local  martingales  having  zero  expectation.  Let  us  apply  the  Gronwall’s  inequality  in  (2.58)  to  get 
E[||us(t  A  tm)\\2w] 

<  ^[||u0|Ihs]  +  t Tr((js<b)*Js<f>)  +  ljy(s,z)\\2HMdz)dsy2C^,  (2.59) 

for  any  t  e  (0,  T ).  On  passing  M  — >  oo,  t  A  — >  t  and  using  the  dominated  convergence  theorem  in 

(2.59),  we  get  (2.50). 

Let  us  take  the  supremum  from  0  to  T  in  (2.57)  and  then  take  the  expectation  to  obtain 


e(  sup  |us(0||hS) 

AT\f  ' 

/  r  T , 
^E(||uo||2s)+2CJvEN  \\»R(t)\\w 

+  f  Tr((js<L)*Js<f>)df  +  f  f\\y(t, 
Jo  Jo  J Z 


d  t 


z )  ||HIk(dz)  dr 


:( 


+  2E I  sup 

yo^r^rATM 

+  2E  |  sup 

Vo^r^TATM 


oo  -t 

T  /  (5«L<f>e/,Lu^r))L2dp/(r) 

7=1  Jo 

J  J  (SRJsy(r-,z),JsuR(r-))L2tf(dr,dz) 


(2.60) 


Let  us  take 


(/3)  =  2EI  sup 

yo^f^rATM 


oo  .t 

T  /  {S]{Js&ej,  JJus(r))L2  dp;  (r) 

7  =  1  J° 


and 


(/4)  =  2E|  sup 

Vo^r^r  atm 


J  (SR]sy(r-,z),JsuR(r-))L2Af(dr,dz) 


Now  by  applying  the  Burkholder-Davis-Gundy  inequality,  Holder  inequality  and  Young’s  inequality  to 
the  term  (/3),  we  get 


(h)  ^ 


00  /  „rArM  \  2 

I  iSr  L  Oej  I  1  (f )  ||  df 


I  °°  /  pT  AT  m 


1  uu  /  „ 

^  2V2E  ( sup  |us(o||h,)2E(  / 

X0^Tatm  7  •  j  \J 0 

1  /  \  pT 

^ -E(  sup  ||u*(r)||L,)  +  8  /  Tr((LO)*Lcp)df. 

4  Wf<rATM  7  Jo 


||  L,  dr 


(2.61) 
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Once  again  by  applying  the  Burkholder-Davis-Gundy  inequality,  Holder  inequality  and  Young’s  in¬ 
equality  to  the  term  (/4),  we  get 


(U)  ^ 


(fT  atm  r 

J  j  ||Ss.Fy(f, 


z)  ||“2||j'sus(0||L2^(dz)  d t 


^  2V2E 


(  sup  \\uR(t)\\2HS)2(  [  f  psy(t,z)\\l2Hdz)dt 
_xo^f^rArM  7  \J  0  J  z 


^  SUP  ||u*(0||h.)  +8  f  f\\Y(t,. 

4  vo</<rATM  7  Jo  J  z 


z)  |HSMdz)  dr. 


By  using  (2.61)  and  (2.62)  in  (2.60),  we  obtain 

1  /  ?  \  /  CTatm 

-E(  sup  ||us(0||HJ)  ^  E(||u0||hS)  +  2CivE(  /  \\uR(t)\ 

J-  MKfSjrATM  7  \Jo 


H1 


dr 


+  9 


f  Tr((js<D)Y<l>)dr+  f  f  |  y(r, 

Jo  Jo  J Z 


z)  ||HIA(dz)dr 


Thus  from  (2.63),  we  have 
e(  sup  |u*(r)||JIS) 

X0^t^TATM  ' 

^2E(\\uQ\\ls)  +  mK2T +  K4)+4CN  f  E(  sup  ||us (r)  |||s)  dr. 

Jo  '0^r^.t  atm 

An  application  of  the  Gronwall’s  inequality  yields 


(2.62) 


(2.63) 


(2.64) 


E(  sup  ||u^(r)  \\2)  <  (2E[||u0||^]  +  18 (K2T  +  K4))< 

^0^-t^.TATM 


,4CNT 


(2.65) 


Note  that  the  right  hand  side  of  the  inequality  (2.65)  is  independent  of  M  and  R,  on  passing  M  — >  00, 
we  see  that  T  A  rM  — »■  T .  Hence  by  using  the  dominated  convergence  theorem,  from  (2.65),  we  finally 
obtain 

e(  sup  ||u*(r)|£,)  (2E[||u0||fF]  +  mK2T  +  K4))e4C"T ,  (2.66) 

vo^t^r  7 

where  Cm  is  a  constant  depending  on  N  and  independent  of  R.  □ 

Remark  2.12.  From  Proposition  2. 1 1,  it  is  clear  that  for  the  stopping  time 
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the  quantity  E[sup0<f<rAtJ|u*(f)llH*]  is  uniformly  bounded  and  the  bound  is  independent  of  R.  Also 
the  solution  of  the  problem  (2.25)-(2.26)  can  be  defined  up  to  a  time  T  A  rN,  where  rN  is  defined  in 
(2.67)  and  it  can  be  easily  seen  that 

E(  sup  ||us(0||^s')  ^  (2E[||uo||h*]  +  18(^2^  +  K4))e4NT .  (2.68) 

vo^r<rAtiv  ' 

In  the  estimate  (2.68),  we  cannot  take  N  — >  oo,  as  the  right  hand  side  of  the  inequality  (2.68)  is  expo¬ 
nentially  growing  in  N. 

Theorem  2.13.  Let  0  <  <5  <  1  be  given.  Then,  we  have 


P{Tv  >  <5}  >  1  -  C52{2E[||uo||fIi]  +  IS(K28  +  tf4(S))}, 


(2.69) 


for  some  positive  constant  C  independent  of  8. 


Proof.  For  the  given  0  <  8  <  1 ,  there  exists  a  positive  integer  N  such  that 


Thus,  we  can  choose  a  8  so  that  (u^,  T  A  rN)  is  a  local  strong  solution  of  (2.25)-(2.26)  with 


Tv  :=  inf{t  :  ||  VujR(f)  ||LOO  +  \\uR(t)  ||H,_i  ^  N). 


Then  it  can  be  easily  seen  that 


F{tn  >  <5}  >  P  sup  (|Vu*(f  A  rw)|LOO  +  ||u R(t  A  riV)||HJ_1)  <  N 


o  4t^s 


f  Pi  sup  ||us(f  A  rN) || H!  <  KLN 


(2.70) 


o^t^s 


where  /C  is  a  positive  constant  defined  by 


K  =  sup{C  e  M+ 1 C ( 1 1 V v 1 1 l°°  +  l|v||H*-i)  ^  ||v||H«,  Vv  e  FF(M")  with  V  •  v  =  0}.  (2.71) 


By  using  (2.68),  we  get 


sup 


(2.72) 
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where  K4(8)  =  fz  ||y(f,  z)|lH*^(dz)  dr.  Then  by  making  use  of  Markov’s  inequality  and  (2.72),  we 
obtain 

Pjrjv  >  5}  ^  p|  sup  |uA(t  A  rjv)||HJ  <  1CN | 

* 

=  p(  sup  ||uS(t  A  Tiv)||^  <1C2N2\ 

>  1  -  (2E[||uo|||,]  +  18(^25  +  K4(S)))e4NS 

>  1  -  C  <5 2  { 21E  [  1 1  u0 1 1  ]  +  18(^2<5  +  M))},  (2.73) 

where  C  is  a  constant  independent  of  u  and  S.  □ 

Similar  ideas  for  proving  the  positivity  of  stopping  time  for  stochastic  quasilinear  hyperbolic  system 
can  be  found  in  Theorem  1.3  [26]. 


3.  Existence  and  uniqueness 

We  are  now  ready  to  prove  the  existence  of  local  strong  solutions  of  the  stochastic  Euler  equations 
with  Levy  noise  (see  (2.7)-(2.8)).  In  order  to  establish  this  we  first  prove  that  the  solutions  (uA\  T  A  xN) 
of  smoothed  version  of  the  Eqs  (2.7)-(2.8)  is  a  Cauchy  sequence  in  the  L2-norm  as  R  — >■  oo  with 
probability  1.  Let  (uA,  T  A  xN)  be  a  local  strong  solution  of  the  truncated  Eqs  (2.25)-(2.26),  where 
xN(co)  is  the  stopping  time  defined  in  (2.67). 

Proposition  3.1.  Let  Uo  e  L2(f2;  Hi(M"))  be  ^-measurable  for  s  >  n/ 2  +  1  with  E[  ||u0|| f,.v  I  <  oo. 
Then,  the  family  of  local  strong  solutions  (uA,  T  A  r,y)  of  (2.25)— (2.26)  is  Cauchy  (as  R  oo)  in 
L2(C2;  L°°(0,  T  A  xN;  L2(M"))),  i.e., 

lim  sup  sup  ||us  —  uA  ||^2)  =0,  (3-1) 

R^°°  R'^R  Atn  ' 

where  T;y  is  the  stopping  time  defined  in  (2.67). 

Proof.  Let  (uA,  T  A  r,v, )  and  (uA  ,  T  A  r,vj  be  two  local  strong  solutions  of  (2.25)-(2.26)  in  'Hr  and 
H ic  respectively.  Let  us  define  rN  :=  r;V|  A  x^2  and  take  the  difference  between  the  equations  for  the 
processes  uA(-)  and  uA  (•)  ( R '  >  R)  to  get 

d(U*  -  u*)  =  -(SrPh(»R  ■  V)ufi  -  •  V)u*')  df 

OO 

+  y^(£/?  —  5ff/)<I>ej  d(3;(f)  + 

j= i 


L 


(Sr  -  Sr ')y(t~,  zW(d t,  dz). 


(3.2) 
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Let  us  apply  Ito’s  formula  to  ||(ux  —  ufi  )(-)||j2  to  obtain 


L2 


(uR  -us)(/A  rjv)||L2 

ftATN 

=  ||us(0)  -  us'(0)||-2  -  2  /  ([SRPH(uR  •  V)u*  -  Ss,Pw(u*'  •  V)u*'],  uR  -  uR\2  dr 

Jo 

pIAtn  00  nt at n  °° 

+  2  /  y2((SR-SR’)Q>ej,uR -uR')2d$j(r)+  V||  (SR  -  SR>)^ej  f2  dr 

Jo  j=1  Jo 

ptATN  e  ~ 

+  2  J  J  ((SR  -  SR')y(r~,  z),  uR  -  uR\2Af(dr,  d z) 

+  /  /  I  -  SR’)y(r,  Z )  1  AA(dr,  dz), 

Jo  Jz 


(3-3) 


for  0  ^  t  ^  7\  We  write  the  term  ([5^P-^(u^  •  V)u^  —  <5>i?/P%(us  •  V)us  ],  uR  —  ufi  )L2  from  (3.3)  as 


([S*P«(u*  •  V)u^  -  5^PH(us'  •  V)u^  ],  u*  -  u*')l2 
=  ((SR  -  Sri)?u(ur  •  V)u*,  uR  -  ur\2 
+  (Sr,Ph((ur  -  uR ')  •  V)u*,  uR  -  ur\2 

+  •  V)(u^  -  uR),uR  -  ur\2.  (3.4) 


The  third  term  from  the  right  hand  side  of  the  equality  (3.4)  is  zero,  by  using  the  divergence  free  condition 
(see  (2.12)  and  (2.22)).  For  R'  >  R  and  for  the  stopping  time  defined  in  (2.67),  let  us  take  the  first  term 
from  the  right  hand  side  of  the  equality  (3.4)  and  use  the  Holder’s  inequality,  cut  off  property  (see  (2. 18) 
and  (2.30),  with  k  =  s,  0  <  s  <  s  —  2)  and  the  algebra  property  of  Hv_  1  -norm  to  obtain 


|((«S*  -SflOP«[(u*  •  V)us],  —  us  )l2| 
s;  II (SR  -  SR')(ur  ■  V)us ||L2  ||us  -  ur'\\l2 

<  ^IK"*  ■  vKUIu"  -  « |rllv  ■  (u*  ® u 


„R  „R’\ 


c 


R\W  ||u*_u*'|| 

H£  II U  U  IIl2 


. R  „R'  I 


lm-2|lu“-u“  || l2  ^  —  ||(u*®u*)||ip_1||ir-ir  || l2 


C  M  A 
<  —  iL 
R£  11 


Ih1-1 


|u*  -u*'1 


II2 


C  Nr  „  „  , 

<  - k  -  UR 

RE  11  1 


L2' 


(3.5) 
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Note  that  V  •  (u  ®  u)  =  (u  •  V)u  for  V  •  u  =  0.  By  using  the  Cauchy-Schwarz  inequality  and  Holder’s 
inequality,  we  estimate  the  second  term  from  the  right  hand  side  of  the  equality  (3.4)  as 

!|(^PH(K-uff').V)us,us-us')L2| 

||(K-us').V)us||l2||u^-us'||l2 

^  C||Vus||LOO||us  -us'||l2  ^  CAh||us  (3-6) 

Let  us  combine  (3.5),  (3.6)  and  use  it  in  (3.3)  to  obtain 

|  (u^  -  us')  (f  A  Tjv)||l2 


.  2  2CN1  ftATN  ,  C tATN  ,  i 

^  ||us(0)-us(0)||-2  +  ^— 1  /  ||us-us  ||L2dr  +  2CN1  /  ||us  -  us  ||J2  dr 

K  Jo  Jo 

pt  ATflj  00  °° 

+  2/  V((5x-^)^i,us-us')L2dp/(r)+  /  y~'||  (Sr  —  SR’)$>ej  ||^2  d 

Jo  j=1  Jo 

ptA Tn  p  ~ 

+  2  I  I  ((SR  -  SR')y(r~,  z),  uR  -  uR\2Af(dr,  dz) 

f 


to  JZ 

™  t  ATJV 

+  /  /  \\(Sr  -  SR>)y(r,  z)  ||“2A( (dr,  dz). 


(3.7) 


Let  us  take  the  supremum  from  0  to  T  in  (3.7)  and  then  take  the  expectation  to  get 
E(  sup  |  (us  -us')(0||l2) 

^E(||us(0)-us'(0)||^2) 


+ 


+ 


^Le(/  II  (uJe — u^) Cr)  llL2 df)  +  2CNiK(f0 


00  pT  p  1  p 

J2 1  IK5*  -  SR>)<$>ej\l2dt  +  ^  jj(SR  -  SR,)y(t,  z)||^(dz) dt 

oo 

T  /  ((Sr  -  SR')d>eh  us  -  us')l2  dp,(r) 
j=i  Jo 

J  J ((Sr  -  SR’)y(r-,  z),  us  -  uR')L2Sf(dr,  dz) 


+  2E 


sup 


sup 


+  2E 

where  rN  :=  T  A  rNl  A  rNl.  Let  us  denote 
(h)  =  2E 


(3.8) 


sup 

O^t^TN 


00  pt 

Y  /  ((5S  -  us')L2dp;(r) 

j=i  Jo 
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and 


(h)  =  2E 


sup 


J  J  {(Sr  -  SR')y(r~,  z),  u*  -  uR')L2JV(dr,  dz) 


Now  we  apply  the  Burkholder-Davis-Gundy  inequality,  Holder  inequality  and  Young’s  inequality  to  the 
term  (/5)  to  obtain 


(4) 


r  rTN 

^2V2TE  /  ||(1Ss-5s0^||l2||u/?-uj?'| 

/  —  I  L./O 


L2 


d  t 


^  2V2E 


/  \  -  00  /  (‘  t  v  \  2 

(sup  ||u*-uX)2E(  /  ||(Si -£*/)<!>«,•  ||“2df) 

\)^t^XN  7  ■  J  \d0  / 


J= 
00 


1  ^  /»  i 

^ -e(  sup  K-u^WsV  /  ||(5R -5/j' )  0^11^2  dt. 
4  vo<»<t*  7  /=]  do 


(3.9) 


By  applying  the  Burkholder-Davis-Gundy  inequality,  Holder  inequality  and  Young’s  inequality  to  the 
term  (/6),  we  get 


(4)  4  2V2E 


<  2V2E 


r/7i<* 

Ldo  dz 


SR')y(t,  z)  | T  2  ||u*  -  us  ||L2Mdz)  dr 


II2 

(0<sup  W-u*\iy(J  J ||(Sr  —  5ff0y(r,z)||L2^(dz)dr 

^e(  sup  ||u*  -  u*'||l2)  +  8  f  f  \\(SR  -  SR')Y(t,z)\\l2Hdz)dt. 

4  V,<ct/  do  dz 

Substituting  (3.9)  and  (3.10)  in  (3.8)  and  then  using  the  inequality  lab  ^  a2  +  b2,  we  obtain 
^e(  sup  ||(u*-us')(r)||*2) 

4  E(||u*(0)  -us (0)  1^2)  +  ^ +2CN1^E^TA'||(uiJ  -u7(r)||J2dr 

+  9  Y  f  I  (SR  -  SR')<&ej  ||^2  dr  +  9  f  f  \\(SR-SR>)y(t,z)\\l2k(dz)dt.  (3.11) 

•  J  do  do  dz 


£  -1 


(3.10) 


Let  us  take  the  term  E(||u^(0)  —  ujR/ (0) ||?2)  from  the  inequality  (3.1 1)  and  use  (2.18)  to  find 


"l2 


E(||iA0)  -  u*'(0)|l2)  =  m^uo  -  S*'Uo|£2)  <  ^E(lluoll^)  ^  ^E(||u0||^)- 


C 


c 


Re 


RE 


(3.12) 
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Let  us  take  final  term  from  the  right  hand  side  of  the  inequality  (3.1 1)  and  simplify  using  the  cut  off 
property  (2.18)  to  get 


oo  rT 

1  II  {Sr  - 

■  ,  Jo 


SR')<&ej  |  l2  dr  +  9 


7=1 


1  (  (  |  (Sr  -  5S/)y(r,  z)  l^-^Cdz)  dr 

Jo  J z 


9C 

~R* 


>• 

sg/w-sjo- 


z)  ||H6k(dz)dr 


l|2  9  C(K2T  +  K4) 

z)||^(dz)dr  =  - 


RE 


for  0  <  s  <  s  —  2.  Hence  from  (3.1 1),  we  have 
e(  sup  ||(u*-u*')(r)||A) 

V0^rjv  7 


2C(E(||uo||5-)  +  NlT  +  9(K2T  +  K4)) 


RE 


+ 


+4CA?1)  [  E(  SUP  II  (u* 

V  R  J  Jo  V0^r<fAtjv  7 


(3.13) 


(3.14) 


where  rN  :=  T  A  xN  =  T  A  rNl  A  r  ,y2 .  An  application  of  the  Gronwall’s  inequality  in  (3.14)  yields 


E 


(  sup  ||(u'i-u'‘>)||(,) 

<  r2C<E<'l"°'lH-)  +  NlT  +  9(K2T  +  *4))\  exp|  +  4CAr,)r|. 


(3.15) 


Note  that  the  right  hand  side  of  the  inequality  (3.15)  is  independent  of  N2  and  on  passing  N2  — >  oc 
yields  xN  =  T  A  rNl  A  xNl  T  A  rNl.  On  passing  N2.  R.  R'  — >  oo  and  applying  the  dominated 
convergence  theorem,  one  can  easily  see  that  the  right  hand  side  of  the  inequality  (3.15)  goes  to  zero  and 
hence  the  sequence  of  solutions  defined  by  (uff ,  T  A  xN)  (by  redefining  N\  =  N)  is  Cauchy  (as  R  — >  oo) 
in  L2(£2;  L°°(0,  T  a  r,y ;  L2(M"))),  where  r,y  is  the  stopping  time  defined  in  (2.67).  □ 

Proposition  3.2.  Let  Uo  e  L2(£2;  H'(E"))  be  ^-measurable  for  s  >  n/2+  1.  Then,  the  family  of  local 
strong  solutions  (us,  T  A  ty )  — >  (u,  T  A  r,y )  strongly  in  L2(£2;  L°°(0,  T  A  r,y ;  Hv  (W1)))  for  any  s'  <  s. 

Proof.  It  follows  from  (3.15)  that  (u^,  T  axn)  (u,  T  axn)  strongly  in  L2(£2;  L°°(0,  T  axn,  L2(M"))). 
By  using  the  Sobolev’s  interpolation  inequality  (Theorem  9.6,  Remark  9.1,  [27]  with  exponents  ^7  and 
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4)  and  Holder’s  inequality  for  0  <  s'  <  s,  we  have 


e[ 

Ln 


sup 

O^t^T  ATflf 


€ 


c4 

Ln 


sup  ll/llg1  s/s)  sup  ||/Hh'A 

0^.t^.T  atn  Q^.t^.T  atn 


< 


cs\  e[  sup  ||/|£2' 

1  L0^t^TATN 


l—s'/s 


e[ 


h 


sup 

O^t^T  atn 


ll/llff]} 


s'/s 


(3.16) 


Let  us  take  /  =  uA  —  u  in  (3.16)  to  obtain 


E|  sup  |u*-u||^ 

0^-t^.T  ATpj 


<  C,|e[  sup  ||u*-u||M}  {ieT  sup  ||uA-u||^l| 

l  -I  »  l  LfK'K'TAr,,  -I  J 


I  s' A 


atjv 


0^f$C!T  Ar^v 


<C,{e[  sup  I|u*  -ulljzl}  7  sup  ||u*£  +  sup  IIuIIh*]} 

l  \-{\<r  t<r  T  A  r„  JJ  l  ^"0^/^rATiV  HdfdTATw  -I  J 


L0^^rATAl 


0^.t^.T  ATflj 

2  'll  1— j'/j 


^C5[2C(iV,r,^2,^4,E[||uo||^])]//lEr  sup  ||u*-u||M} 

1  Lo^^rATiv 


0, 


(3.17) 


as  R  — ►  oo.  Combining  Proposition  2.11  and  Proposition  3.1  and  using  the  Sobolev’s  interpolation 
yields  (uA,  T  A  t#)  — >  (u,  T  A  tjy)  strongly  in  L2(£2;  L°°(0,  T  A  t#;  H'  (M")))  for  any  s’  <  s.  □ 

Remark  3.3.  Since  uA  — >  u  strongly  in  L2(£2;  L°°(0,  T  A  tn;  H'  (M"))),  we  get  V  •  ua  — >•  V  •  u  in 
L2(£2;  L°°(0,  T  a  xn\  H'  _1(M"))),  for  any  s'  >  n/2  +  1  and  hence  V  •  uA  =  0  implies  V  •  u  =  0. 

Next  let  us  prove  a  simple  estimate  to  deal  with  the  nonlinear  terms. 

Lemma  3.4.  Fix  s  >  n/2  and  let  u,  w  e  H1  with  V  •  v  =  0.  Then  we  have 

| (v-  vHL-i  <  C|M|h'I|w||ip. 

Proof.  Since,  V  •  v  =  0,  we  have  (v  •  V)w  =  V  •  (v  <g>  w).  For  s  >  n/2 ,  Hs_1  is  an  algebra  and  hence 

||(v-  v)w||HS_i  =  |  V  •  (v®w)||H,_1  ^  C || v  ®  w||H*  ^  C||v||ff  ||w||ff .  (3.18) 

□ 


Proposition  3.5.  Let  r,y  he  the  stopping  time  defined  in  (2.67),  then  for  s'  >  n/ 2+1,  the  nonlinear  term 
N/d(uA’  •  V)uA’ |  converges  to  (u  •  V)u  strongly  in  L1  (f2;  L°°(0,  T  A  rN ;  Hs  _1(®")))  as  R  — >  oo. 

Proof.  For  s'  >  n/2  +  1,  by  using  (2.16),  (2.17),  Lemma  3.4  and  Holder’s  inequality,  for  0  <  s  <  1, 
we  obtain 

e\  sup  ||5fl[(uR  •  V)uA]  -  (u  •  Vlufn^! 

*~0^.t^.T  azn 

sup  ||5s[((ui?  -  u)  •  V)ujR]  +e[  sup  ||<S* [(u  •  V)(us  -  u)]  \\w,_i 

Arjv  ^  Arjv 
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+  EI”  sup  ||Sr[(u  •  V)u]  —  (u  •  V)u||HS/_1l 

atn  j 


L0^t^TATN 

^  CE[  sup  ||((u^-u)-V)ui?||H/_1l  +  CEr  sup  ||(u-V)(ui?-u)||H/_1 

Atjv  L0^t^TATN 


+  ^7E|"  sllP  |  (u  ■  v)uIh-' 

K  L0^t^TAZN 


jp'-l+e 


^  CeI"  sup  (||ux  — 

*~0^.t^.T  AT  flf 

+  —  e[ 

RE  L 


ullm'llu*llm')  +CE\ 
J  L( 


£|  sup  (|ufi  -u||hs,||u||hs/) 

*-0^.t^.T  atn 


— E  sup  l|u||Hs'+£  ||u||Hj'+£ 

K  L0^t^TAZN 


/  ry  \  1/2  /  ry  \  1/2 

^  CE(  sup  | u* -u||  ,)  E(  sup  ||us||HS, 

7  v0^r^7’At/V  7 

/  9  \  1/2  /  \  1/2 

+  CE(  sup  |  u  ||  Hj/  )  E(  sup  ||u||^,) 

X0^t^TATN  '  X0^t^TAzN  ' 

+  sup  llull^ 

2R  L0^t^TATN 


H — — E 
2RB 


sup 


(3.19) 


since  (u^,  T  At#)  — »■  (u,  T  Ar^)  strongly  in  L2(f2;  L°°(0,  T  AxN\  H'(M")))  and  for  s  >  s'  >  n/ 2+1, 
us,  u  e  L2(£2;  L°°(0,  T  a  r^;  HS(M"))).  Hence,  for  the  stopping  time  rN  defined  in  (2.67),  we  have 
5fl[(u^  •  V)us]  — ¥  (u  •  V)u  strongly  in  L'(f2;  L°°(0,  T  A  xN\  H'  _1(M"))).  □ 

Remark  3.6.  From  Proposition  3.5,  it  can  be  easily  seen  that  5^[(us  •  V)us]  — >  (u  •  V)u  strongly  in 
L1^;  L2(0,  T  a  tn;  W'-'iR'1))),  since 

Ll(Q;  L°°(0,  T  A  xN\  Us'~l(Rn)))  CC  L‘(Q;  L2(0,  T  a  xn;  H,,_1(R")))f 

for  the  stopping  time  xN  defined  in  (2.67). 

Proposition  3.7.  Let  Uo  be  ^-measurable  and  E[||uo||fp]  <  oo  for  s  >  n/2+  1.  Then,  for  any  s’  > 
n/2  +  1  and  s’  <  s,  5^Uo  — >  Uo  as  R  — >  oo  in  L2(£2;  H5  _1(M")). 

Proof.  By  using  (2.17),  for  0  <  e  <  1,  we  have 

E[||5su0  -uoll^J  <  ^E[||u0||^_1+J  ^  ^E[||uolli,,]  -  0, 
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Proposition  3.8.  Let  Ty  be  the  stopping  time  defined  in  (2.67),  then  for  any  s'  >  n/ 2+1  and  t  £ 
[OJat,), 


<l>dW(s),  as  R  oo, 


in  L2(f2;  L°°(0,  T  a  Ta,;  H*'-1  (Rn))). 

Proof.  By  using  (2.17)  and  the  Burkholder-Davis-Gundy  inequality,  for  0  <  e  <  1  and  T  >  0,  we  get 

2  -| 

ii1'-'. 


E 


sup 

.0^t^TATN 


SR^fo  «I>dW(s)^-jf  OdW(s) 


^  — E 

RE 

C 

=  — E 
RE 


sup 

f  OdW Cs) 

2  1 

<C  — E 

sup 

f  OdW(s) 

2  -| 

0^.t^.T  at# 

1  Jo 

pp'-l+e_ 

Re 

Jo 

H*. 

|  f 


sup  |  /  Jvd>dW(.s) 

_0^.t^.T  atn 


2  -i 

c 

L2- 

(•T  atn 

/  Tr((js<h)*(jsd)))dt 
Jo 


c  CJ  Tr((P <i>)*(.F<l>))  Q 


as  >  oo.  □ 


Proposition  3.9.  Let  Ty  he  the  stopping  time  defined  in  (2.67),  then  for  any  s'  >  n /2  +  I  and  t  £ 
[0,  T  A  Tjv), 


s«(i7z  Y is—,  z)M(ds,  dz)^  ->  n  y(j-,  z)Af(ds, 


dz),  as  R  oo, 


in  L2(f2;  L°°(0,  T  A  rN\  Hs  _1(M"))). 

Proof.  By  using  (2.17)  and  the  Burkholder-Davis-Gundy  inequality,  for  0  <  e  <  1  and  T  >  0,  we 
obtain 


E 


sup 

_0^t^.T  atn 

<C  — E 

RE 


<C  — E 

RE 


SR(  \  (  y(s-,  z)JV(ds,dz)]  -  \  [  y(s~,  z)fif(ds, 
\J o  J z  /  do  7z 


dz) 


sup 

.o^f^rArjv 

(  (  y(s-,zW(ds,dz) 
Jo  J z 

sup 

_0^.t^.T  ATjy 

f  f  Y(s—,  z)AT(ds,  dz) 
Jo  Jz 

o  ./z 

2 

jp'-l+e. 
2 
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Remark  3.10.  Since 

L2(f2;  L°°(0,  T  a  rN:  H,'_1(RB)))  CC  L1^;  L°°(0,  T  A  xN\  H,'_1(Rn))) 


and 


L1  (f2;  L°°(0,  T  A  xN\  H*'-1^")))  CC  L](f2;  L2(0,  T  A  xN\  HS_1(R"))), 


for  the  stopping  time  xN  defined  in  (2.67),  we  have 

SR(  f  4>dW(s)  I  — >  /  <f> dW(.v),  as  R  — >  oo  and 


SR  ill  Y(s—,  z)Af(d.s,  dz) 


ny(s- ,  z)Af(ds,  dz),  as  R  — >  oo, 

; 


for  t  G  [0,  T  A  tat),  in  L*(f2;  L2(0,  T  A  ;  H,'-1(R"))). 

Theorem  3.11.  Let  r;y  be  the  stopping  time  defined  in  (2.67)  and  let  Uo  G  L2(Q;  H' (Rn))  be  ^q- 
measurable  for  s  >  n/2+  1.  Then  there  exists  a  local  in  time  strong  solution  of  problem  (2.7)— (2.8)  such 
that 

(i)  u  G  L2(f2;  L°°(0,  T  A  xN ;  HS(R"))), 

(ii)  the  7^,-adapted paths  of  ( u,  T  A  r,y )  arc  ccidlcig. 


Proof.  From  the  above  construction,  we  can  easily  pass  the  limit  as  R  — oo  in  the  equation 

uR(t)  =  SRu0  ~  f  •  v)u*]  ds  +  SR  f  OdW (s)+SR  f  (  y(s— ,  z)N(ds,  dz), 

Jo  Jo  Jo  J z 

for  any  t  G  [0,1  A  Ty),  so  that  (u,  T  A  ty)  solves  the  stochastic  Euler  equations  (2.7)-(2.8)  in 
L1  (f2;  L2(0,  T  A  ty ;  H?  _1(M"))),  for  s'  >  nil  +  1.  From  Proposition  3.1,  Remark  3.6,  Proposi¬ 
tion  3.7  and  Remark  3.10,  we  conclude  that  (u,  T  A  ty)  solves  the  system  (2.7)-(2.8)  as  an  equality 
in  L!(f2;  L2(0,  T  A  xN\  H',  _1(M"))),  for  s'  >  n/2  +  1. 

Let  us  now  apply  Banach- Alaoglu  theorem  (Theorem  4.18,  [40])  to  the  Fourier  truncated  sequence 
(uA\  T  A  rtf),  the  solution  of  the  truncated  stochastic  Euler  equations  (2.25)-(2.26).  From  Proposi¬ 
tion  2.11,  the  sequence  uA  is  uniformly  bounded  in  L2(f2;  L°°(0,  T  A  r,y :  H,V(M")))  and  the  bound  is 
independent  of  R  for  the  stopping  time  xN  defined  in  (2.67).  Since  L2(f2;  L°°(0,  T  A  riV ;  FF(R")))  is 
the  dual  of  L2(f2;  L'(0,  T  a  xn ;  H_S(R"))),  the  separability  of  L2(F2;  L*(0,  T  A  xN\  H-i(R")))  (Re¬ 
mark  10.1.10  and  Theorem  10.1.13,  [38])  and  the  uniform  bounds  for  uA  in  [0,  T  A  xN)  guarantee  the 
existence  of  subsequence  uR"'  such  that 


uA'"  X  u  in  L2(£2;  L°°(0,  T  a  xn\  H"(R"))). 

From  the  above  weak  star  convergence,  the  limit  u  satisfies 
u  G  L2(f2;  L°°(0,  T  A  xN\  ff(R"))) 
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and  (u,  T  A  xN)  solves  (2.7)-(2.8)  for  5  >  n/ 2  +  1.  From  Proposition  3.1,  (u^,  T  A  xN)  is  almost  surely 
uniformly  convergent  on  finite  intervals  [0,  T  A  r,v )  to  (u,  T  A  tjv),  from  which  it  follows  that  (u,  T  A  r,.y) 
is  adapted  and  cadlag  (Theorem  6.2.3,  [1]).  □ 


Remark  3.12.  From  the  existence  of  local  strong  solution  (u,  T  A  xN)  to  the  stochastic  Euler  equa¬ 
tions  (2.7)-(2.8),  one  can  easily  see  that 


eT 

M 


sup  ||u(?) 

OSit^T  Arjy 


|2 

Ihs 


<  (2E[||uol||,]  +  IS(K2T  +  K4)) 


e4NT  <  00, 


(3.20) 


for  the  stopping  time  rN  defined  in  (2.15)  and  for  any  T  >  0. 

Theorem  3.13.  Let  0  <  <5  <  1  be  given.  Then,  for  the  stopping  time  r,y  defined  in  (2.15),  we  have 

E{Tv  >  <$}  >  1  -  C«$2{(2E[||u0||^]  +  18 (K28  +  tf4(S)))},  (3-21) 

where  C  is  a  positive  constant  independent  of  8. 


Theorem  3. 13  can  be  proved  in  the  same  way  as  that  of  Theorem  2. 13. 

Theorem  3.14.  Let  x n  be  the  stopping  time  defined  in  (2.15)  and  let  Uo  G  L2(Q;  Hv  (M"))  be  J^o- 
measurable  for  s  >  n/ 2  +  1.  Let  (u;  ,  T  A  ty ),  j  =  1,2  be  two  TT,  -adapted processes  with  cadlag  paths 
that  are  local  strong  solutions  of  (2.7)— (2.8)  having  same  initial  value  u ;  (0)  =  Uo,  such  that 

u j  G  L2(f2;  L°°(0,  T  A  xN\  tts(M"))), 

for  s  >  n/ 2+1.  Then  Ui(?)  =  U2(t),  a.  s.,  for  any  t  >  0,  as  functions  in  L2(f2;  L°°(0,  T  A  r^;  L2(M"))). 

Proof.  Let  xN  be  the  stopping  time  defined  in  (2.15)  and  let  (U| ,  T  A  r.y)  and  (U2,  T  A  r,y )  be  two  local 
strong  solutions  of  the  system  of  Eqs  (2.7)-(2.8)  having  common  initial  data  Ui(0)  =  112(0)  =  Uo  such 
that  E(||uo||hS)  <  00.  Let  us  take  the  difference  between  the  two  equations  satisfied  by  (m ,  T  A  r,y)  and 
(U2,  T  A  t/v)  to  obtain 

d(m  -  u2)  =  -P-h[(ui  •  V)ui  -  (u2  •  V)u2]  dr.  (3.22) 

Let  us  apply  Ito’s  formula  to  ||ui  —  U2||22  to  find 

t/\TN 

((Ui  •  V)ui  -  (u2  •  V)u2,  Ui  -  u2)L2  ds.  (3.23) 

Now  we  take  the  nonlinear  term,  and  use  the  divergence  free  condition  and  Holder’s  inequality  to  get 

|  — ((Ui  •  V)uj  -  (u2  •  V)u2,ui  u2) L2 1 

=  |-[(((Ul  -  U2)  •  V)ui,  (Ui  -  U2))l2  +  (((u2  •  V)(Ui  -  u2)),  (Ui  -  u2))l2]  I 


(Ui  -  u2)(r  a  xN)  :2  =  -2 


L 


^  llui  u2 ||L2 1| Vuj 1 1 L°° || Ul  —  u2 IIl2  ^  CN ||ui  -u2||22. 


(3.24) 
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An  application  of  (3.24)  in  (3.23)  yields 

"t  Ary 


ptAZpj 

|  (U]  -  u2) (t  A  rN)  \\l2  ^  CN  |  (m  -  u2)(s)  \\~h2  ds, 

Jo 

Let  us  take  expectation  in  (3.25)  to  get 

E[||(ui  —  u2)(f  A  tjv)  ||l2]  <  CN  f  E[||(ui  -  u2)(s  A  tm)!^]  ds. 

Jo 

An  application  of  the  Gronwall’s  inequality  in  (3.26)  yields 
E[||(ui  -  u2)(f  A  xN) ||^2 ]  ^  o, 


(3.25) 


(3.26) 


(3.27) 


for  all  0  ^  t  ^  T .  Hence,  we  §et  Ui(^  A  z^y)  —  112 (t  A  z^y),  a.s.,  for  all  0  ^  t  ^  T .  In  a  similar  way,  one 
can  prove  that 


e\  sup  ||  (Ui  -U2)(0||l2 

'-O^.t^.T  atjv 

for  any  T  >  0  and  then  we  obtain 

sup  |  (ui  -u2)(0||l2 
'-O^.t^.T  atn 


sj  CN 


sC  0. 


f  e[  sup  ||  (ui  -  u2)(s)| 
J  0  '-O^.S^.tATM 


d  t. 


(3.28) 


(3.29) 


Hence,  we  get  Ui(f)  =  u2(t),  a.s.,  for  any  t  >  0  as  functions  in  L"(£2;  L°°(0,  T  A  rN;  L“(M"))).  □ 

Theorem  3.15.  Let  rN  be  the  stopping  time  defined  in  (2.15)  and  let  Uo  e  L2(f2;  H,V(K''))  be  J^0- 
measurable  for  s  >  n/2  +  1.  Let  (u; ,  T  A  r,y ),  j  —  1,2  be  two  CL,  -adapted  processes  with  cddlcig  paths 
that  are  local  strong  solutions  of  (2.7)— (2.8)  having  same  initial  data  u;  (0)  =  Uo,  such  that 

u;  e  L2(f2;  L°°(0,  T  A  xN\  HS(M"))), 

for  s  >  n/2  +  1.  Then  u  i  (t)  =  u2(f),  a.s.,  for  any  t  >  0  as  functions  in  L2(f2;  L°°(0,  T  A  r  iV :  HS(M"))), 
for  any  0  <  s'  <  s. 

Proof.  Using  the  Sobolev’s  interpolation  theorem  and  Holder’s  inequality  for  0  <  s'  <  s,  we  find 


e[ 


sup  ||Ui-U2||^, 

0^.t^.T  atn 


€ 


< 


cA  e[ 


])"'>[ 


sup  ||U1  —  u2||£_2 

0^-t^.T  AZfif 


sup  II  Ui  —  U2||j)s 


]| 


s'/s 


cJeT  sup  ||ui -u2||221}  {eT  sup  ||ui||hS+  sup  ||u2||jU} 


s'/s 


L0^t^TATN 


0^.t^T  AZflj 


€ 


C.s[2C(A  ,  K,T ,  E[  ||u0  IIhj  ])]  ^ {e|”  sup  ||u1-u2||221) 

^  L0^t^TAZN  * 


0^.t^/.T  AZflj 
1  —s'/s 


=  0, 


(3.30) 
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for  any  T  >  0,  since  ui(-)  =  U2O,  a.s.,  in  L2(f2;  L°°(0,  T  A  xN\  L2(M"))).  Hence  we  get  ui(f)  =  112(f)* 
a.s.,  for  any  t  >  0  in  L2(£2;  L°°(0,  T  A  rN\  HS,(M")))  for  any  0  <  s'  <  s.  □ 

Theorem  3.14  and  Theorem  3.15  prove  the  uniqueness  of  strong  solution  (u,  T  A  rN)  of  the  stochastic 
Euler  equations  perturbed  by  Levy  noise.  Now  if  we  take  (m,  T  A  Xsjt )  and  (U2,  T  A  r,\0  are  two  local 
strong  solutions  of  (2.7)-(2.8),  then  from  (3.24),  we  get 

|  — ((Ui  •  V)uj  -  (u2  •  V)u2,  Ui  u2) L2 1  <  CN\  || Ui  -u2|Il2.  (3.31) 

Thus  by  Theorem  3.14,  we  obtain  ui(f)  =  112(f),  a.s.,  for  all  t  e  [0,  T  A  r^).  A  similar  calculation  to 
(3.24)  also  shows  that 


|-((ui  •  V)ui  -  (u2  •  V)u2,ui  u2)L2  I  <  CN2 ||ui  -u2||£2,  (3.32) 

and  hence  we  find  ui(f)  =  112(f),  a-s.,  for  all  f  e  [0,  T  A  xNl).  Combining  the  two  cases,  once  can 
easily  see  that  Ui(f)  =  112(f),  a.s.,  for  all  t  e  [0,  T  A  xNl  A  rNl)  and  hence  Ui(f)  =  U2(f),  a.s.,  for  all 
t  e  [0,  r;V|  A  r;v2 ) ,  since  T  >  0  is  arbitrary.  If  both  are  maximal  local  strong  solutions,  then  it  is  immediate 
that  tjvj  =  tjv,,  a.s.  Since,  if  (ui,  r^)  is  a  maximal  local  strong  solution,  then  sup0^f^TJv  ||ui(f)||Hs  =  00, 
and  this  must  imply  that  rNl  >  rNl .  Otherwise,  sup()^;^Tv  ||m  (f )  ||hs  =  00,  by  using  the  equality  of  u,  (•), 
for  i  =  1,2  and  the  maximally  of  112(f)  in  [0,  Ay,  A  r ,y2 )  =  [0,  r ,y2 )  and  we  arrive  at  a  contradiction. 
A  similar  argument  on  (112,  Ay, )  imply  r.y2  <  rNl  and  hence  r,y2  =  rN] . 

Now,  let  (ujv,  T  A  T,y)  be  the  unique  local  strong  solution  to  the  system  (2.7)-(2.8)  corresponding  to 
the  stopping  time  (2.15).  Then,  for  N\  <  N2,  by  using  Theorem  3.14  and  Theorem  3.15,  we  have 

U;vi(f)  =  ujv2(f),  a.s.,  for  all  t  e  [0,  rW|  A  xNl\, 

since  T  >  0  is  arbitrary.  Thus  from  the  definition  of  stopping  time  (2.15),  we  have  aV|  ^  r,y2,  a.s.  We 
can  now  define  x{co)  :=  liniy^oc,  r,y (o>) ,  a.s.,  and 

..  lim7V^00uw(f),  for  0  ^  f  <  r, 

u(0  -  A 

I  0,  for  t  >  r, 

a.s.  Hence,  (u,  x)  is  a  local  strong  solution  (in  fact  maximal)  to  the  problem  (2.7)-(2.8)  and  for  a  given 
0  <  (5  <  1 ,  we  have 

P{r  >  8}  >  1  -  C<52{(2IE[||uoI|^]  +  18(*2«  +  K4(8)))}, 

since  {x^  >  ^}  C  {r  >  5}  (see  Theorem  3.13  and  Theorem  2.13).  A  characterization  of  the  maximal 
solution  for  stochastic  Euler  system  (2.7)-(2.8)  is  given  in  the  next  theorem  (Theorem  3.16). 

Theorem  3.16.  Assume  that  Theorem  3.11  and  Theorem  3.14  hold.  Then  there  exists  a  unique  pair 
(u,  too),  which  is  a  maximal  strong  solution  of  (2.7)— (2.8)  such  that 

sup  ||u(s)  I RJ  =  00,  (3.33) 

O^J^Too 


on  the  set  {co  e  Q.  \  x^ioj)  <  00}. 
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Proof.  Let  us  denote  by  C,  the  set  of  all  stopping  times  such  that  r  e  TL  if  and  only  if  there  exists  a 
process  u(-)  such  that  (u,  r)  is  a  local  strong  solution  of  the  stochastic  Euler  equations  (2.7)-(2.8).  It  can 
be  easily  seen  that 


t] ,  t2  e  £  Ti  v  r2,  T]  a  t2  e  C.  (3.34) 

For  each  k  e  N,  let  us  take  xk  e  C  such  that  (ii*,  xk)  be  the  unique  local  strong  solution  of  (2.7)-(2.8). 
Then  for  each  rk ,  the  process  (■)  having  cadlag  paths  such  that  (u/.,  xk)  is  a  local  strong  solution  of 
(2.7)-(2.8)  with 

xk  =  inf{?  :  ||Vufc(0||LOc  +  |U*(0|HS-1  ^  k)  A  T,  ke  N,  (3.35) 

for  some  T  >  0.  Now  for  n  >  k,  let  us  define  a  sequence  of  stopping  times  xk,n  such  that 

Tk  ,n  =  inf  {r  :  I  Vu„(0||LOO  +  |un(f)||HS-i  ^  k}  at,  k,n  e  N.  (3.36) 


Since 

xn  =  inf {?  :  ||Vun(0||Loc  +  |u„(0|HJ_i  ^  n }  A  T,  n  e  N,  (3.37) 

it  is  clear  from  the  definition  of  t„  that  xk,n  ^  xn,  a.s.,  for  n  >  k.  Thus  (u„ ,  r k,n)  is  a  local  strong  solution 
of  (2.7)-(2.8).  But  (u*,  Xk)  is  also  a  local  strong  solution  of  (2.7)-(2.8).  Hence  from  the  uniqueness 
theorem  (Theorem  3.14,  Theorem  3.15),  we  get  u^(t)  =  u„(f),  a.s.,  for  all  t  e  [0,  xk  A  xk,„).  This  proves 
that  Ut(t)  =  u„(t),  a.s.,  for  all  t  e  [0,  xk)  and  hence  xk  <  xn,  a.s.,  for  all  k  <  n.  Thus  {xk  :  k  e  N}  is  an 
increasing  sequence  in  C  and  hence  it  has  a  limit  in  C  (Proposition  3.9,  [6]).  Let  us  denote  the  limit  by 
too  :=  linu^ooTt-  By  letting  k  — >  oo,  let  (u(t),  0  £  t  <  too}  be  the  stochastic  process  defined  by 

u(t)-uk(t),  t  G  [r*_i,  xk),  k  ^  1,  (3.38) 


where  xq  =  0.  By  making  use  of  uniqueness  results,  we  have  u(f  A  xk)  =  u k(t  A  xk)  for  any  t  >  0.  As 
k  — >  oo,  we  are  thus  justified  to  define  a  process  (u,  too)  such  that  (u,  too)  is  a  local  strong  solution  of 
(2.7)— (2.8)  on  the  set  {co  :  too («)  <  T}  and  hence  we  have 


lim[||u||L°°(0,»;H*)]  =  lim  sup  ||u(s)|| 

rtT°o  'HooLq 


^  lim  sup 

irfoo 


U(5) 


=  lim  sup  ||ut(s)|| 


^  /C  lim  sup  (||  Vu,t(s)  |  +11^(5)11  j) 


=  oo, 


(3.39) 


where  K.  is  defined  in  (2.71). 

Let  us  now  prove  that  the  maximal  solution  obtained  above  is  unique.  Let  us  assume  that  the  pair 
(ui,  (too)  be  another  maximal  solution.  Here  {ok,  k  ^  0}  is  an  increasing  sequence  of  stopping  times 
converging  to  o0 0  and  is  defined  by 

ok  =  inf {r  :  |Vui(t)|LCO  +  ||ui(0  ^k)  AT,  k  e  N. 


(3.40) 
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By  a  similar  argument  above  and  by  the  uniqueness  theorem  (Theorem  3.14  and  Theorem  3.15)  one  can 
prove  that  u(t)  =  Ui  ( t ),  a.s.,  for  all  t  e  [0,  tk  A  ou\,  for  k  ^  0.  Let  us  take  k  \  oo  so  that  we  get 

u(f)  =  ui(t),  a.s.,  for  all  f  G  [0,  Too  A  (Too].  (3.41) 

From  (3.41),  we  can  easily  conclude  that  too  =  er oo,  a.s.  If  too  ^  (Too,  then  either  r oo  >  (Too  or  r oo  <  (Too- 
In  the  first  case,  we  have 

^im  [ll1(<Toc<Too}UllLoo(0,r;Hs)]  -  limT  sup  |1{,t00<t00}U(5)||hs 
rTroo  rTroo  L0^s<f  J 

^/ClimT  sup  ( || l{o-0o<Tbol Vu(s) ||L00  +  ||l{0-00<t»}U(j)||H,_1) 

?TrooLo^s^f  J 

=  K)\m\  SUP  (||1(0-oo<Too}Vu(5)||  +  ||l{(Too<roo}U(^)||ff-l) 

fct°°L0  J 

=  /Climr  sup  (|l(ffoo<r00)Vu1(j)||  +  ||  1{0-00<T00}U1  (S) ||  x ) 

'n'OOL  O^SS^CTfc  J 

=  oo.  (3.42) 

For  too  <  (Too  5  we  have 

hm[ll1{<Too<Too}uillLoo(0,r;m)]  =  lim  \  sup  || l{CToo<Too}Ui (s) || 
rtToo 

>  £  h™  I"  SUP  (||1Ko>Tco)VulO)||Lc*)  +  ||1t^oo>roo}Ul(‘y)  In— l) 

=  Klim[  sup  (||l{(x00>r00}Vu1(5)||  +||1(CToo>Too)U1(5)||  i) 

=  IClim\  sup  (||l((xoo>roolVu(^)||Loo  +  ||1{«x00>t<„}U(s)||h,_i) 
k^ool0^s^tk 

=  oo.  (3.43) 


The  first  identity  (3.42)  contradicts  the  fact  that  u(-)  does  not  explode  before  the  time  Too  and  the  second 
identity  contradicts  the  fact  that  Ui(-)  does  not  explode  before  the  time  (Too-  Hence,  we  must  have  Too  = 
(Too,  a.s.,  and  this  proves  the  uniqueness  of  the  maximal  local  strong  solution  (u,  Too)  of  the  stochastic 
Euler  equations  (2.7)-(2.8).  □ 

Similar  ideas  of  proving  maximal  local  solutions  for  modeling  the  flow  of  liquid  crystals  can  be  found 
in  Proposition  3.11,  [6]  and  viscous  hydrodynamic  systems  with  multiplicative  type  of  jump  noise  in 
Theorem  3.5,  [3]. 
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4.  Stochastic  Euler  equations  with  multiplicative  Levy  noise 

The  stochastic  Euler  equations  perturbed  by  multiplicative  Levy  noise  in  (0,  T)  (after  taking  the 
Helmholtz-Hodge  orthogonal  projection  P^J  can  be  written  in  the  Ito  stochastic  differential  form  as 

du(f)  =  -Pw(u(0  •  V)u(t)  At  +  4>(u(0)  dW(t)  +  J  y(u (r — ),  z)Af(dt,  dz),  (4.1) 

u(0)  =  u0,  (4.2) 

where  Uo  G  L2(£2;  H^M"))  for  s  >  n/ 2+1  with  V  •  Uo  =  0  and  ( x ,  t,  co)  G  M"  x  [0,  T ]  x  12,  n  =  2,  3. 
We  need  some  additional  assumptions  on  the  noise  coefficient  to  prove  the  existence  and  uniqueness 
of  local  strong  solutions  to  the  system  (4. 1)— (4.2).  Let  CH ,  Hs)  be  the  space  of  all  Hilbert-Schmidt 
operators  from  T~L  to  H'  ([16]).  Lor  an  orthonormal  basis  {e  j  }T  (  in  FL,  we  know  that 


Tr((0(u))*4>(u))  =  ej)L2  =  ^(4>(u)e/,  4>(u)e7)L2 

;'=i  ;=  i 

OO 

=  EII®wc4^  =  ll®wllW«)-  (43) 

j= i 

Let  us  assume  that  the  noise  coefficient  4>(-)  and  y(- ,  •)  satisfy  the  following  hypothesis  of  linear 
growth  and  Lipschitz  condition. 

Hypothesis  4.1.  For  all  s  F  0,  the  noise  coefficient  <t>(-)  :  H'  — >  CH ,  H'  )  and  y(-,  •)  :  H1  x  Z  ->  H' 

satisfy 

(H.  1)  (Growth  Condition)  For  all  u  G  HV(K")  and  for  all  t  G  [0,  T  |,  there  exists  a  positive  constant 
K  such  that 

ll0(u)|j^2CH,m)  +  J  IIyCu,  ^  Kix  +  llullm)- 

(H.2)  (Lipschitz  Condition)  For  all  t  G  [0,  T]  and  for  all  Ui,U2  G  H'(R"),  there  exists  a  positive 
constant  L  such  that 

|4>(ui)  -  <4>(u2)  ||^f2CK,H.)  +  J  ||y(»i.z)  —  y(u2,  z) ||^A.(dz)  ^  L||ui  -u2||h*. 

The  existence  and  uniqueness  of  local  strong  solutions  for  the  stochastic  Euler  equations  with  mul¬ 
tiplicative  Levy  noise  can  be  proved  in  the  same  way  as  of  additive  noise  case.  Proposition  2.11  and 
Proposition  3.1  can  be  proved  for  multiplicative  noise  case  with  some  changes  in  the  proof  due  to  the 
presence  of  u(-)  in  the  noise  coefficient.  Similar  estimates  in  Proposition  2.1 1  can  be  obtained  with  the 
help  of  growth  condition  in  Hypothesis  4.1  and  the  Cauchy  sequence  result  in  Proposition  3.1  can  be 
obtained  with  the  help  of  Lipschitz  condition  in  Hypothesis  4.1.  In  multiplicative  noise  case,  we  have  to 
replace  Proposition  3.8  and  Proposition  3.9  from  Section  3,  by  the  following  propositions. 
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Proposition  4.2.  Let  r;y  be  the  stopping  time  defined  in  (2.67),  then  for  any  s'  >  n/2  +  I,  s'  <  s  and 
t  6  [0,  T  A  Tjv), 

$(us(s))  dW(s) j  J  <t(u(s))dW(s),  as  R  — >  oo, 


in  L2(£2;  L°°(0,  T  A  t^;  H,'-1(R"))). 

Proof.  By  using  (2.17),  Hypothesis  4.1  and  the  Burkholder-Davis-Gundy  inequality,  for  0  <  e  <  1 
and  T  >  0,  we  get 


E 


sup 

atn 


dW  (s) 


^  E 


sup 

Ar# 


+  E 


sup 

aim 


f  — E 

RE 


sup 

_0^.t^.T  Azpj 


<&(uR(s))dW(s)\  —  J  4>(u(s)) 

f  $(us(i))dW(s)J  -  (jf  $K(J)) 

f  (<&(uR(s))  -  <D(u(s)))  dW(.v) 

Jo 

f  *(u») 

Jo 


dW  (s) 


H1  -‘J 


2 

m'-1. 


dW(s) 


jp'-l+e_ 


+  E 


sup 

_0^t^T  azn 


<C  — E 

RE 


sup 

.0^.t^.T  Ar^v 


+  E 


<C  — E 

RE 

C  K 

<  - E 

RE 


f  {®(uR(s))  -  <D(u(j)))dW(r) 

Jo 

I  f  <t(uA(i,))dWh) 
lido 

f  Js'(0(us(s))  -  <D(u (s)))  dW(s) 
Jo 

eTATN 

/  II 

«/  o 

r  T  mn  , 

/  (i  +  ||«*«||„.) 

Jo 


sup 

_0^t^T  Az/j 


I A 


+  LE 


el  AZN 

/  |d>(u*(0)  -  <D(u(0) 

Jo 

r  rT azu 

li  llu 


l2Sf2(W.H*') 


/,  df 


(0  -  u(t) \\„s,  d t 


€ 


CRT 


RE 


(l  +e[ 

'  Li 


sup  ||us(t)"2 


0^.t^.T  ATj^ 


Hf 


)  +  z,rE[ 

'  Li 


+  Z.TEI  sup  ||us(t)  —  u(i)"~ 


0^.t^.T  atn 


Hs 


— >  0,  as  R  — >  oo, 

since  e  L2(£2;  L2(0,  T  A  tjv;  HV(M")))  for  any  5  >  n/2  +  1  (a  proposition  similar  to  Proposition  2.1 1 
in  multiplicative  noise  case)  and  us->ug  L2(f2;  L°°(0,  T  A  Tat;  Hs  (M")))  for  any  s'  <  s  (a  proposition 
similar  to  Proposition  3.2  in  multiplicative  noise  case).  □ 
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Proposition  4.3.  Let  r;y  be  the  stopping  time  defined  in  (2.67),  then  for  any  s'  >  n/2  +  I,  s'  <  s  and 
t  £  [0,  T  A  Tn), 


y(uR(s-),  z)Af(ds,dz)  \  — ►  n  y(u(.v-),  z)AT(ds, 


dz),  as  R  — »■  oo, 


in  L-(Q;  L°°(0,  T  A  t*;  Hs  “‘(R"))). 

Proof.  By  using  (2.17),  Hypothesis  4.1  and  the  Burkholder-Davis-Gundy  inequality,  for  0  <  e  <  1 
and  T  >  0,  we  obtain 


E 


sup 

_0^.t^.T  Arjy 


^  E 


sup 


+  E 


sup 

.0^t^TN 


2 


<C  — E 

RE 


+  E 


<C  — E 

RE 


Sk\J  J  y(u*Cs-),  z)Af(ds,  dz)J  -  J  y(u(.v— ),  z)Af(ds, 

J  v{vtR(s-),z)fit(ds,dz)^  -  J  J  y(ur(s~),  z)fif(ds,dz) 

J  J (y(«SCs-),z)  -  y(u(s-),z))fif(ds,dz) 

f  (  y(uR(s-),  z)AT(ds,  dz) 

Jo  J z 

J  J (y(usG-),z)  -  y(u(s-),z))fif(ds,dz) 

f  f  y(us(5-),  z)Af(ds,  dz) 

JO  J  Z 


W 


sup 

_0^t^TATN 


Hj/-l+e. 


sup 

.0^t^rN 


sup 

_0^/^rAry 


+  E 


sup 

.0^t^rN 


<C  — E 

RE 


sC  - — E 

RE 


[  [  Js  (y(u*(s— ),  z)  ~  y(uG-),  z))fif(ds,  dz) 
Jo  J z 

ei/\rN  n  - 

/  /  ||Y(u*(0,z)!ipMdz)df 

Jo  Jz 

cTazu  e 

/  /  ||yK(0.  z)  -  y(u(0,  z)  l^'Mdz)  dt 

Jo  J  z 

rTATN  1  r  pTATfi/ 

J  (1  +  ||u*(0||hO  dt  +  LEM[  llu 


L2. 


+  E 

ck  r  /,7’at* 


*(o  -  u(o|Ih*'  At 


< 


CRT 


RE 


P+e["  sup  ||us(t)|||s  ^  +  LTeI"  sup  ||u*(0  —  u(f)| 

'  '-0^t^TATN  Lo^f^rATjv 


0,  as  R  — >  oo, 
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since  g  L2(F!;  L2(0,  T  A  r,v ;  HV(M")))  for  any  s  >  n/ 2+1  (a  proposition  similar  to  Proposition  2.1 1 
in  multiplicative  noise  case)  and  u*->u£  L2(f2;  L°°(0,  T  A  Tat;  Hs  (M")))  for  any  s'  <  s  (a  proposition 
similar  to  Proposition  3.2  in  multiplicative  noise  case).  □ 

Let  us  now  state  the  main  theorem  for  incompressible,  stochastic  Euler  equations  with  multiplicative 
Levy  noise  (see  (4. 1)— (4.2)). 

Theorem  4.4.  Let  (£2,  J£\  &t,  P)  be  a  given  probability  space.  Let  r,v  be  the  stopping  time  defined  by 

Tv  :=  />Q^  :  IVu(°IIl-  +  ||u(0 1 ip-i  >  N},  (4.4) 

and  the  noise  coefficient  satisfy  Hypothesis  4.1.  Let  the  ^-measurable  initial  data  Uo  G  L2(f2;  HV(M")), 
for  s  >  n/2  +  1  be  given.  Then,  there  exists  a  local  in  time  strong  solution  (u,  T  A  r.y )  of  the  problem 
(4.1)— (4.2)  such  that,  for  any  T  >  0 

(i)  the  energy  estimate 

e["  sup  ||u(f) 

'-O^.t^.T  ATpj 

(ii)  for  a  given  0  <  8  <  1, 

P{Lv  >S}>  l-C«52{l+2E[||uo|||s]}, 

where  C  is  a  positive  constant  independent  of  u  and  S, 

(iii)  u  G  L2(£2;  L°°(0,  T  a  tn\  Hs(M"))), 

(iv)  the  LP (-adapted  paths  of  {a,  T  A  Ty)  are  ccidlcig, 

(v)  the  solution  (u,  T  A  r,y )  is  pathwise  unique , 

(vi)  there  exists  a  unique  maximal  local  strong  solution  (u,  too),  where  too  -  1  i m  y ^ ^  xN. 

Theorem  4.4  can  be  proved  in  the  same  way  as  of  Theorem  3.11. 


^  (l  +  2E[||uo||jyy18*+4W)r  <oo, 
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